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Ĝ
;<9k`608]98l`kmVoq;i__8:{}e0wl;i=fb<8 w:mNjzxfb<8ﬁ w6O^V_I^Nwl`8l_9 mVo
G
 cfef_`608l_ |
L∗S(0) = (L
∗
S(χ, 0))χ∈Ĝ
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∏
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∏
v/∈S
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pY
nmN`8z`6O^V`
E
;<94^ﬂ`mN`I^Vbibi> _8 ^Vb K^Vb<mN;<948ﬁ}`8lZ09;<mNZ mVo
Q
^VZ0{`6Te09 | `608l_8 ^V_8z`6f_8:8k_8 ^Vb/8lj 
=8:{f{};iZfu94;iZ
E
9I^ >
σ1 = id, σ2
^VZ0{
σ3


8lZ0w:8k`608 efZf;i`4uv_mNefx ;<94mVo
Z
 _I^VZ 
~
  8l`
w1
^VZ0{
w2
= 8`608
Z
 u8lZ08l_I^V`mN_9qmVoB`6f;<9nuv_mNefx ^N9{f8Eg0Z08:{^V=m 8#qY[`;<98 ^N9> `m 8l_;hoR>]`6O^V`
F
6O^N9n` /m
_8 ^Vb8lj4=8:{f{};iZfu9^VZ0{zosmNef_w:mNjzxfb<8ﬁ)8lj= 8:{f{};iZfu9 #576?e09 |G`608efZf;i`/uv_mNefxmVo
F
;ibib =8mVo
Z
 _I^VZ 
/  Z08w ^VZ wI60mTmv98 ^zefZf;i`
w3
;iZ
F
9e0wI6 `6O^V` {w1, w2, w3} ;<9^z=O^N9;<9nmVo2`6084efZf;i`nuv_mNefx ;iZ c 
576f;<97osmNbib<m 9oQ_mNj `608no ^Nwl``6O^V`
F 6= E[
√
(u)]
oRmN_^VZT>ﬂefZf;i`
u ∈ E   8l` id, σr =8`608q` mz_8 ^Vb
8lj4=8:{f{};iZfu9nmVo
F
^VZ0{b<8l`
σc, σc′
= 8` /m)w:mNjzxfb<8ﬁ8lj= 8:{f{};iZfu9 B57608lZ |
RE =
∣∣∣∣∣∣det
 log |w1| log |σ2(w1)|
log |w2| log |σ2(w2)|
∣∣∣∣∣∣ ,
RF =
∣∣∣∣∣∣∣∣∣det

log |w1| log |σr(w1)| 2 log |σc(w1)|
log |w2| log |σr(w2)| 2 log |σc(w2)|
log |w3| log |σr(w3)| 2 log |σc(w3)|

∣∣∣∣∣∣∣∣∣ .
> ^N99efjzxf`;<mNZ |
F
;<9 ^ _8 ^Vb/gO8lb<{ |#^VZ0{ `608l_8EosmN_8
σr
;<9 ^VZ 8lb<8ljk8lZ?`zmVo
Gal(F/E)
 576Te09 |
σr(wi) = wi
osmN_
i = 1, 2



b<9mf| /8 w ^VZ wI60mTmv9I8
σc
9e0w6 `6O^V`
σc(wi) = σ2(wi)
oRmN_
i = 1, 2

576?e09 |
RF = 2| log | w3σr(w3) ||RE
|d^VZ0{`608l_8EosmN_8 8k6O^ 8
L∗(χ2, 0) = 4| log | w3σr(w3) ||
)cfef_`608l_ |
L∗S(χ2, 0) = 8(log p)(log l)
3| log | w3σr(w3) ||

/~

	 !	          !  "
cf_mNj `608 w:mNZ09`_e0wl`;<mNZ ;iZ `608 xf_8	T;<mNe09 98:wl`;<mNZ /8]6O^ 8 ^w:mNjzj4ef`I^V`; 8{};a^Vuv_I^Vj mVo48ﬁ0^Nwl`
98:rTe08lZ0w:8:9
 
0

0

P

// λ(P )

0 // XS(−2)⊕N λ //
h

A⊕N θ //

B
µ
// XS // 0
0 // US //

AS //

BS // XS // 0
0 0
608l_8
AS := (
A⊕N
λ(P ) )
^VZ0{
BS := B
257608lZ /8q6O^ 8
Det(AS,R)⊗Det−1(BS,R) ' Det−1(λ(P )R)⊗Det(AR ⊕NR)⊗Det−1(BR)
' Det−1(λ(P )R)⊗Det(XS(−2)R ⊕NR)⊗
Det−1(XS,R)
' Det−1(λ(P )R)⊗Det(PR)⊗Det(US,R)⊗
Det−1(XS,R)
' Det(0) ' ζ(R[G]).
57608g0_9`;<9mNjkmN_xf6f;<9j osmNbib<m 9qoQ_mNj `608zw:mNZ09`_e0wl`;<mNZ mVo
AS
| `6089I8:w:mNZ0{ oQ_mNj `608z8ﬁ0^Nwl`Z08:99
mVo/`608 jz;<{f{}b<8k_m K| `608 `6f;i_{ G;a^)`608 j ^Vx
h
^VZ0{`608 ba^N9`;<9mNjkmN_xf6f;<9j T;a^)`608 j ^Vx09
λ
^VZ0{
RS
257608Kw:mNjzxmv9;i`;<mNZ mVo#^Vbib `608:98;<9mNjkmN_xf6f;<9jk9;<9`608qj ^Vx ;iZ0{}e0w:8:{=?>
ψS : AS,R ' BS,R 
nmN`8 `6O^V``608);ij ^Vu8 mVo
(AS , BS ;ψS)
;iZ
K0(Z[G])
;<9  8l_m  576?e09 |#mNZ08 w ^VZ b<mTm osmN_4`608
;iZ 8l_9I8q;ij ^Vu8qmVo `6f;<98lb<8ljk8lZT`;iZ
K1(R[G])
G;a^
δ



oR`8l_w60mGmv9;iZfu
Z[G]
=O^N98:9osmN_
A,N,B
^VZ0{
P
| /84w ^VZg0Z0{ ^u8lZ08l_I^V`mN_osmN_
Det−1(λ(P )R)⊗Det(AR ⊕NR)⊗Det−1(BR)
^V_;<9;iZfu oR_mNj `608:98=O^N98:9ﬃK57608;ij ^Vu8zmVo/`6f;<9;iZ
ζ(R[G])
efZ0{f8l_q`608z^V= m 8 ;<9mNjkmN_xf6f;<9j ;<9;iZ
/%/
`608;iZ 8l_98;ij ^Vu8
δ−1((AS , BS ;ψS))
ef_7^V;ij Z0m  ;<9B`m4w:mNjzxfef`8`6f;<9/8lb<8ljk8lZT`/;iZ)`608;iZ 8l_9I8
;ij ^Vu8#
c ;i_9` 8K96O^Vbib3wI60mTmv98K=O^N98:97osmN_
A,B
^VZ0{
N
25760848ﬁf^Nwl`98:rTe08lZ0w:8
0→ XS(−2)⊕N λ→ A⊕N θ→ B µ→ XS → 0
9xfbi;i`9;iZT`mk{}; $ 8l_8lZ?`xf_;ijk84w:mNjzx mNZ08lZT`9n^N9
0→ Yv(−2) λv→ Av θv→ Bv µv→ Yv → 0
^VZ0{ﬂmVodw:mNef_98
λ|N : N → N ;<9`608n;<{f8lZ?`;i` > j ^Vxﬀ!896O^Vbib g ﬁ `608nu8lZ08l_I^V`mN_9oRmN_ A,B ^VZ0{ N
^N97osmNbib<m 9
 
• c0mN_ v =∞ |}b<8l` Av = Z[G]a1, Bv = Z[G]b1 ;i`6 λv(1) = (1 + g1)a1, θv(a1)
= (1− g1)b1, µv(b1) = 1 
• c0mN_ v = p |}b<8l` Av = Z[G]a2, Bv = Z[G]b2 ;i`6 λv(1) = (1 + h+ h2)a2, θv(a2)
= (1− h)b2, µv(b2) = 1 
• c0mN_ v = q |}b<8l` Av = Z[G]a3 ⊕ Z[G]a4, Bv = Z[G]b3 ;i`6 λv(α1) = (−1− g1)a3
+ (1 + g1)a4, λv(α2) = (1 + g2)a3, λv(α3) = (1 + g3)a4, θv(a3) = (1− g2)b3, θv(a4)
= (1− g3)b3, µv(b3) = 1 
• c0mN_ v = l | Av = 0 ^VZ0{ Bv = Z[G]b4 ;i`6 µv(b4) = 1 
• c ;iZO^Vbibi>|fb<8l` N = Z[G]a5 ;i`6 f˜(a5) = u0 
!84`608lZ w60mGmv98^zu8lZ08l_I^V`mN_
c
oRmN_
P ' Z[G] | ^VZ0{`608K;ij ^Vu84mVo*`6f;<9u8lZ08l_I^V`mN_;iZ Xv(−2)
^VZ0{
N
;<9uv; 8lZ]=?>
 
c = (c∞, cp, cq, cN ) ∈ IndGC2Z⊕ IndGC3Z⊕ IndGV4M ⊕N,
/1
608l_8
c∞ = (−3− g2 + 5h+ 5hg2 − 3h2 − 4h2g2),
cp = 0,
cq = (−5− 5g1 + 3h+ 4hg1 + 3h2 + h2g1)(α3 − α2) + (h2 − h2g1)α2,
cN = (g1 + g2 + g3)(1− h2).
c ;iZ0{};iZfu9e0w6 ^
c
;<9^ xf_mN=fb<8lj ;iZ bi;iZ08 ^V_q^Vbiu8l=f_I^}|^VZ0{ \


pY ^N9ne098:{ `m w ^V__> mNef`n`608w:mNj 
xfef`I^V`;<mNZ09ﬃ
!8k9I8l`
z = (∧5i=1ai) ∈ Det(A ⊕ N)
|
z′ = [∧4i=1bi]−1 ∈ Det−1(B)
^VZ0{
z′′ = [λ(c)]−1 ∈
Det−1(λ(P ))
 !8496O^Vbib w:mNjzxfef`8K`608q;ij ^Vu84mVo
z′′ ⊗ z ⊗ z′ ;iZ ζ(R[G]) 
!8Z0m  b<mTm ﬂ^V`7`608;<{f8ljzx mN`8lZT`9mVo
R[G]
  8l`
e0 =
1
12
∑
g∈G g, e1 =
1
12 (2e− h− h2)(e+
g1+g2+g3),
^VZ0{
e2 =
1
4(3e−g1−g2−g3)
 Z0{f8l_d`608BZO^V`ef_I^VbG;<9ImNjkmN_xf6f;<9j
ρ : R[G]→ R×C×
M3(R) =: R0×R1×R2 |N`608:9I8B;<{f8ljzxmN`8lZ?`9*j ^Vx`m (1, 0, 0), (0, 1, 0) ^VZ0{ (0, 0, id) _8:9x 8:wl`; 8lbi> 
576?e09 | /846O^8
e0 + e1 + e2 = 1
cfef_`608l_ |OoRmN_n^
Z[G]
 jkmT{}efb<8
M
| /849I8l`
Mi := eiMR
| 6f;<wI6
/8n96O^Vbib _8lu?^V_{ ^N97^4jkmT{}efb<8nm 8l_
Ri
*c0mN_^4jkmN_xf6f;<9j
f ∈ HomR[G](M,N)
|Gb<8l`
fi
{f8lZ0mN`8`608
w:mN__8:9xmNZ0{};iZfu)8lb<8ljk8lZT`;iZ
HomRi(Mi, Ni)


	 !	          ﬂ    
e0
c ;i_9` Z0mN`8 `6O^V``608ﬂj ^Vx
θ0 : A0 ⊕ N0 → B0 ;<9`608  8l_mj ^Vxﬀ57608l_8EosmN_8v| λ0 ^VZ0{ µ0 ^V_8
;<9mNjkmN_xf6f;<9jk9 257608jkmT{}efb<8
A0⊕N0 ;<9#u8lZ08l_I^V`8:{ =?> {e0ai}5i=1, B0
;<92u8lZ08l_I^V`8:{ =?> {e0bj}4j=1

57608;ij ^Vu8nmVo
e0(z⊗ z′) = (∧5i=1e0ai)⊗ [∧4j=1e0bj]−1
;iZ
Det(XS(−2)0⊕N0)⊗Det−1(XS,0) ;<9
z0 ⊗ z′0 := 1
24
(∧5i=1e0di)⊗ [e0(∞−m) ∧ e0(p−m) ∧ e0(q−m) ∧ e0(l−m)]−1,
608l_8;iZ
XS(−2)R ⊕ NR ' (IndGC2R) ⊕ (IndGC3R) ⊕ (IndGV4MR) ⊕ NR,
`6088lb<8ljk8lZT`9
di
F 9^V_8
{f8Eg0Z08:{=T>
• d1 = (1, 0, 0, 0)
• d2 = (0, 1, 0, 0),
• d3 = (0, 0, α2, 0),
• d4 = (0, 0, α3, 0),
/%=
• d5 = (0, 0, 0, a5) 
nm K|f`608qj ^Vx
(RS,0 ◦ f˜0) : XS(−2)0 ⊕N0 → XS,0 ;<9uv; 8lZ]=T>
e0di 7→ −e0
∑
v∈S
log |f˜0(di)|v(v −m).
<
mf|f`608;ij ^Vu8:9mVo
e0di
^V_8
 
• e0d1 7→ − log |N(u∞)|e0(∞−m) + 2(log l)e0(l−m) |
• e0d2 7→ − log |N(up)|e0(∞−m) + 3(log l)e0(l−m) |
• e0d3 7→ − log |N(u2)|e0(∞−m) + 2(log q)e0(q−m) |
• e0d4 7→ − log |N(u3)|e0(∞−m) + 2(log l)e0(l−m) + 2(log q)e0(q−m),
• e0d5 7→ − log |N(u0)|e0(∞−m) + (log p)e0(p−m) |
608l_8
N = NK/Q
;<9`608Z0mN_j j ^VxﬂoQ_mNj
K
`m
Q

57608jkmT{}efb<8
P0
;<9u8lZ08l_I^V`8:{ =?>
c0
60mv984;ij ^Vu84;iZ
XS(−2)0 ⊕ N0 ;<9 e0(−d1 − d3 + d4) |
_8:9x8:wl`; 8lbi> #576?e09 |
z0 =
1
24
(∧5i=1e0di)
= − 1
24
(im(c0) ∧ e0d1 ∧ e0d2 ∧ e0d3 ∧ e0d5)
7→ − 1
24
(e0c)⊗ (∧i=1,2,3,5(RS,0 ◦ f˜0)(e0di))
=
1
24
(e0c)⊗ 2(log α)(log l)(log q)(log p)(z ′0)−1,
608l_8
α = |N( u
2
p
u3∞
)| ef`7`6f;<978:r?eO^Vb<9 m6 ^VZ0{ `6?e09 |G`608;ij ^Vu8nmVo e0(z′′⊗ z⊗ z′) ;iZ ζ(R[G]) ;<9
1
2
(logm)(log l)(log q)(log p)e0 = −e0L∗S(χ0, 0) = −e0L∗S(χ0, 0)#.

	 !	          ﬂ    
e1
c0mN_8 ^NwI6
v ∈ S w:mNZ09;<{f8l_`608K8ﬁ0^Nwl`98:rTe08lZ0w:8
0→ Yv(−2)1 λv,1→ Av,1 θv,1→ Bv,1 µv,1→ Yv,1 → 0.
/
576087j ^Vx09
θ∞,1, θq,1
^VZ0{
θl,1
^V_8  8l_mj ^Vx09 6f;ib<8
θp,1
;<9#^VZz;<9mNjkmN_xf6f;<9j uv; 8lZz=?>
θp,1(e1a2) =
(1 − ζ3)e1b2  57608)jkmT{}efb<8 A1 ⊕ N1 ;<9u8lZ08l_I^V`8:{ =T> {e1ai}5i=1
^VZ0{
B1
=?> {e1bj}4j=1
 57608
;ij ^Vu8KmVo
e1(z ⊗ z′) = (∧5i=1e1ai)⊗ [∧4i=1e1bj ]−1
;iZ
Det(XS(−2)1 ⊕N1)⊗Det−1(XS,1) ;<9
z1 ⊗ z′1 := 1− ζ3
8
(∧4i=1e1di)⊗ [e1(∞−m) ∧ e1(q−m) ∧ e1(l−m)]−1,
608l_8n;iZ
XS(−2)R⊕NR ' IndGC2R⊕ IndGC3R⊕ IndGV4MR⊕NR
|?`6088lb<8ljk8lZ?`9
di
F 9^V_8n{f8Eg0Z08:{
=?>
• d1 = (1, 0, 0, 0) |
• d2 = (0, 0, α2, 0) |
• d3 = (0, 0, α3, 0) |
• d4 = (0, 0, 0, a5) 
nm K|f`608qj ^Vx
(RS,1 ◦ f˜1) : XS(−2)1 ⊕N1 → XS,1 ;<9uv; 8lZ]=T>
e1di 7→ −e1
∑
v∈S
log |f˜1(di)|v(v −m).
<
mf|f`608;ij ^Vu8:9mVo
e1di
^V_8
 
• e1d1 7→ −e1(
∑
log |ug−1∞ |g)(∞−m) + 2(log l)e1(l−m) |
• e1d2 7→ −e1(
∑
log |ug−12 |g)(∞−m) + 2(log q)e1(q−m)
|
• e1d3 7→ −e1(
∑
log |ug−13 |g)(∞−m) + 2(log l)e1(l−m) + 2(log q)e1(q−m)
|
• e1d4 7→ −e1(
∑
log |ug−10 |g)(∞−m)

c0mN_
u ∈ K | /826O^ 8 e1(
∑
log |ug−1 |g) = (log |NK/E(u)|+ζ3 log |h2(NK/E(u))|+ζ23 log |h(NK/E(u))|)e1
|
608lZ w:mNZ09;<{f8l_8:{ ^N9^VZ 8lb<8ljk8lZ?`nmVo
R1
|fefZ0{f8l_`608Kxf_m   8:wl`;<mNZ
R[G]→ R1   8l`
α(u) := (log |NK/E(u)|+ ζ3 log |h2(NK/E(u))| + ζ23 log |h(NK/E(u))|).
/E
57608jkmT{}efb<8
P1
;<9u8lZ08l_I^V`8:{ =?>
e1c
60mv984;ij ^Vu84;iZ
XS(−2)1 ⊕N1 ;<9 e1((3 + 17ζ3)d1 +
(17 + 3ζ3)d2 + (−17− 3ζ23 )d3 + (6 + 3ζ3)d4)
257608l_8EosmN_8v|
z1 =
(1− ζ3)
8
(∧4i=1e1di)
=
(1− ζ3)
8(3 + 17ζ3)
(im(e1c) ∧ e1d2 ∧ e1d3 ∧ e1d4)
7→ (1− ζ3)
8(3 + 17ζ3)
(e1c)⊗ (∧i=2,3,4(RS,1 ◦ f˜1)(e1di))
=
(1− ζ3)
8(3 + 17ζ3)
(e1c)⊗−4α(u0)(log l)(log q)(z′1)−1.
53mw ^Vb<wlefba^V`8
α(u0)
8zw:mNZ09;<{f8l_K`608 8lb<8ljk8lZ?`
βp = NK/E(u0) ∈ E
 !8 6O^8z`6O^V` βp
h(βp)
^VZ0{
h(βp)
h2(βp)
^V_8qefZf;i`9;iZ
E
2576?e09 /8Kw ^VZ _;i`8q`608:98q;iZ`8l_jk9mVo `608=O^N9;<9 {w1, w2} ^N97osmNbib<m 9  
βp
h(βp)
= w−281 w
6
2,
h(βp)
h2(βp)
= w−61 w
−34
2 .

8lZ0w:8v|
α(u0) = (log |βp|+ ζ3 log |h2(βp)|+ ζ23 log |h(βp)|)
=
(
log | βp
h(βp)
| − ζ3 log | h(βp)
h2(βp)
|
)
= −28 log |w1|+ 6 log |w2|+ 6ζ3 log |w1|+ 34ζ3 log |w2|
= −ζ23(6 + 34ζ3)(log |w1| − ζ3 log |w2|)
= ζ23 (6 + 34ζ3)L
∗(χ1, 0)#.
<
;iZ0w:8
L∗S(χ1, 0)
# = (1−ζ3)(log l)(log q)L∗(χ1, 0)# ;i`*oRmNbib<m 9#`6O^V`#`6087;ij ^Vu8mVo e1(z′′⊗z⊗z′)
;iZ
R×2
;<9 −ζ23e1L∗S(χ1, 0)#


	 !	          ﬂ    
e2
 8l`
e3 =
1
4 (e+ g1− g2− g2)
*57608lZ
e3
;<9^VZ);iZ0{f8:w:mNjzx mv9I^V=fb<8;<{f8ljzxmN`8lZ?`7mVo
R[G]
6f;<w6 bi;<8:9/;iZ
R2 = M3(R)
Y o
V
;<9n^kg0Zf;i`8lbi>]u8lZ08l_I^V`8:{ xf_m  8:wl`; 8jkmG{}efb<8m 8l_
R2
|O`608lZ /8w ^VZw:mNZ09;<{f8l_
`608
e3V
^N9^zjkmG{}efb<8Km 8l_
ζ(R2) ' R /57608lZ | /8K6O^ 8K`6O^V``6084{f8l`8l_jz;iZO^VZ?`mVo V m 8l_ R2 ;<9
`608K9I^Vjk8K^N9`608K{f8l`8l_jz;iZO^VZ?`mVo
e3V
m 8l_
ζ(R2)

/v
nm K|}osmN_8 ^Nw6
v ∈ S0 |Ow:mNZ09;<{f8l_
0→ Yv(−2)3 λv,3→ Av,3 θv,3→ Bv,3 µv,3→ Yv,3 → 0,
6f;<w6ﬂ;<9^VZﬂ8ﬁf^Nwl`798:rTe08lZ0w:8nmVo
R
 jkmG{}efb<8:9ﬃ257608:98n98:rTe08lZ0w:8:9^V_8n{f8Eg0Z08:{ ;iZ `8l_jk97mVo3`608=O^N9I8:9
mVo
A3, B3
^N97osmNbib<m 9
 
v =∞
Av,3 ' R3 ;i`6]=O^N9;<9 {e3hia1}i=0,1,2
Bv,3 ' R3 ;i`6]=O^N9;<9 {e3hib1}i=0,1,2
Yv,3 ' Yv(−2)3 ' R u8lZ08l_I^V`8:{]=T> e3
λv,3(e3) = 2e3a1
θv,3(αe3a1 + βe3ha1 + γe3h
2a1) = 2(βe3hb1 + γe3h
2b1)
µv,3(αe3b1 + βe3hb1 + γe3h
2b1) = αe3
v = p
Av,3 ' R3 ;i`6]=O^N9;<9 {e3hia2}i=0,1,2
Bv,3 ' R3 ;i`6]=O^N9;<9 {e3hib2}i=0,1,2
Yv,3 ' Yv(−2)3 ' R u8lZ08l_I^V`8:{]=T> e3
λv,3(e3) = (e3a2 + e3ha2 + e3h
2a2)
θv,3(αe3a1 + βe3ha1 + γe3h
2a1) = (α− γ)e3b2 + (β − α)e3hb2
+(γ − β)e3h2b2
µv,3(αe3b2 + βe3hb2 + γe3h
2b2) = (α+ β + γ)e3
/ 
v = q
Av,3 ' R6 ;i`6]=O^N9;<9 {e3hjai}i=3,4,j=0,1,2
Bv,3 ' R3 ;i`6]=O^N9;<9 {e3hib3}i=0,1,2
Yv(−2)3 ' R3 ;i`6]=O^N9;<9 {e3hiαi+1}i=0,1,2
Yv,3 = 0
λv,3(αe3α1 + βe3hα2 + γe3h
2α3) = 2αe3(−a3 + a4) + 2βe3ha3
+2γe3h
2a4
θv,3(αe3a3 + βe3ha3 + γe3h
2a3) = 2(αe3b3 + γe3h
2b3)
θv,3(α
′e3a4 + β′e3ha4 + γ′e3h2a4) = 2(α′e3b3 + β′e3hb3)
µv,3 = 0
v = l
Av = 0
Bv,3 ' R3 ;i`6]=O^N9;<9 {e3hib4}i=0,1,2
Yv,3 ' R3 ;i`6]=O^N9;<9 {e3hi}i=0,1,2
µv,3(αe3b4 + βe3hb4 + γe3h
2b4) = αe3 + βe3h+ γe3h
2
nm K|?b<8l`
xv,3
^VZ0{
yv,3
= 87u8lZ08l_I^V`mN_9BmVo
Det(Av,3)
^VZ0{
Det(Bv,3)
_8:9x8:wl`; 8lbi>|T^V_;<9;iZfuoR_mNj
`608K=O^N9I8:9jk8lZ?`;<mNZ08:{ ^V=m 8#


b<9mf|fb<8l`
xN,3
=8q`608Ku8lZ08l_I^V`mN_mVo
Det(N3)
;i`6 _8:9x8:wl``mk`608
=O^N9;<9jk8lZT`;<mNZ08:{ 8 ^V_bi;<8l_ﬃ  8l`
(z3 ⊗ z′3) := (x∞,3 ∧ xp,3 ∧ xq,3 ∧ x1,3 ∧ xN,3)⊗ [y∞,3 ∧ yp,3 ∧ yq,3 ∧ yl,3]−1.
576f;<9;<9^zu8lZ08l_I^V`mN_mVo
Det(A3 ⊕N3)⊗Det−1(B3) 
 8l`
z3 ⊗ z′3 =8`608q;ij ^Vu84mVo z3 ⊗ z′3
;iZ
Det(XS(−2)3 ⊕N3)⊗ Det−1(XS,3) B57608lZ | z3 =
2(∧8i=1e3di)
608l_8
di
F 9^V_88lb<8ljk8lZ?`9mVo
XS(−2)R⊕NR ' IndGC2R⊕ IndGC3R⊕ IndGV4MR⊕NR
{f8Eg0Z08:{=T>
 
• d1 = (1, 0, 0, 0) |
1
• d2 = (0, 1, 0, 0) |
• d3 = (0, 0, α1, 0) |
• d4 = (0, 0, h2α2, 0) |
• d5 = (0, 0, hα3, 0) |
• d6 = (0, 0, 0, a5) |
• d7 = (0, 0, 0, ha5) |
• d8 = (0, 0, 0, h2a5) 
cfef_`608l_ |
z′3 = [e3(∞−m) ∧ e3(p−m) ∧ ∧e3(l−m) ∧ e3h(l −m) ∧ e3h2(l−m)]−1 
57608qj ^Vx
(RS,3 ◦ f˜3) : XS(−2)3 ⊕N3 → XS,3 ;<9uv; 8lZ]=T>
e3di 7→ −e3
∑
v∈S
log |f˜3(di)|v(v −m).
<
mf|f`608;ij ^Vu8:9mVo
e3di
^V_8
 
• e3d1 7→ β(u∞)e3(∞−m) + 2(log l)e3(l−m),
• e3d2 7→ β(up)e3(∞−m) + (log l)e3(1 + h+ h2)(l −m),
• e3d3 7→ β(u1)e3(∞−m) + 2(log l)e3(l−m),
• e3d4 7→ β(h2(u2))e3(∞−m),
• e3d5 7→ β(h(u3))e3(∞−m) + 2(log l)e3h(l −m),
• e3d6 7→ β(u0)e3(∞−m) + (log p)e3(p−m),
• e3d7 7→ β(h(u0))e3(∞−m) + (log p)e3h(p−m),
• e3d8 7→ β(h2(u0))e3(∞−m) + (log p)e3h2(p−m),
608l_8
β(u) = − log
∣∣ug2 ·ug3
u·ug1
∣∣ 
57608qjkmG{}efb<8
P3
;<9u8lZ08l_I^V`8:{]=T>
e3h
jc, j = 0, 1, 2
/57608;ij ^Vu8:9mVo*`608:9I8;iZ
XS(−2)3 ⊕N3
;<9uv; 8lZ]=T>
• e3c 7→ e3(−2d1 + d4 − 2d5 − d6 + d8),
1.
• e3hc 7→ e3(d1 − d5 + d6 − d7),
• e3h2c 7→ e3(d7 − d8).
 8l`
z′′3
{f8lZ0mN`8 `608u8lZ08l_I^V`mN_KmVo
Det(P3)
;i`6_8:9x8:wl`n`m `608z^V=m 8 =O^N9;<9ﬃ457608lZ | ;i`6 `608:98
v^Vbie08:9mNZ08q6O^N9
z3 = −2(∧j ;ij (e3hjc) ∧ e3d2 ∧ e3d3 ∧ e3d4 ∧ e3d5 ∧ e3d7)
7→ 8([z′′3 ]−1)⊗ β(h2(u2))(log l)3(log p)[z′3]−1.
57608 efZf;i`
u2
;<9 `608 u8lZ08l_I^V`mN_]mVo^VZ ;<{f8 ^Vb;iZ
F2
bi>T;iZfu ^V=m 8
q
,57608 w60mN;<w:8 mVo`6f;<9ﬂuv; 8:9
β(u2) = −| log |w23 || = −| log | w3σc(w3) || = −14L∗(χ2, 0)
B576?e09 |f`608;ij ^Vu8qmVo
e3(z
′′
3 ⊗ z3 ⊗ z′3)
;iZ
ζ(R[G])
;<9 −e3L∗S(χ2, 0) = −e3L∗S(χ2, 0)#
2576f;<9960m 97`6O^V``608n;ij ^Vu8mVo
e2(z
′′
2 ⊗ z2 ⊗ z′2)
;iZ
ζ(R[G])
;<9 −e2L∗S(χ2, 0)#

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K/Q
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  3 />`608w:mNjzxfef`I^V`;<mNZ09;iZ `6084xf_8	G;<mNe0998:wl`;<mNZ09;i`osmNbib<m 9n`6O^V``608;ij ^Vu8;iZ
ζ(R[G])×
mVo7`608zu8lZ08l_I^V`mN_mVo
Det−1(PR) ⊗ Det(AR ⊕ NR) ⊗ Det−1(BR) |3mN=f`I^V;iZ08:{ =?>`608 Z[G]  =O^N98:9
osmN_
A,B, P
^VZ0{
N
;<9
−e0L∗S(χ0, 0)# − ζ23e1L∗S(χ1, 0)# − e2L∗S(χ2, 0)# = (−1,−ζ23 ,−1)L∗S(0)#.
ef``6f;<9;<9;iZ
δ−1((AS , BS ;ψS))
#57608l_8EosmN_8v|
TΩ(K/Q) = (AS , BS ;ψS)− δ(L∗S(0)#)
= δ((−1,−ζ23 ,−1)L∗S(0)#/L∗S(0)#)
= δ((−1,−ζ23 ,−1))
= 0,
608l_8`608ba^N9`8:rTeO^Vbi;i` > oRmNbib<m 97oR_mNj&`608no ^Nwl`7`6O^V``608q8lb<8ljk8lZ?`
(−1,−ζ23 ,−1)
;<97`608;ij ^Vu8qmVo
−h ∈ K1(Z[G]) #576f;<9w:mNjzxfb<8l`8:9`608qxf_mGmVo*mVo*`608K57608:mN_8lj 
1~
	 #$" 
 Z08 w:mNefb<{ x mv99;i=fbi> 8ﬁG`8lZ0{ `608ﬂ9I^Vjk8);<{f8 ^]osmN_ 8l_;hoQ>G;iZfu`608)w:mNZ  8:wl`ef_8 oRmN_z^VZ
;iZ}g0Zf;i`8os^Vjz;ibi> mVo
A4
 8ﬁ}`8lZ09;<mNZ09ﬃ57608j ^V;iZ;<{f8 ^k608l_8 mNefb<{ =89;ijz;iba^V_`m `6O^V`qmVo
y
6f;iZT=fef_u


. ~
|
.
/ﬀ

|}`6O^V`7;<9 |}`mb<mTm  oRmN_/o ^Vjz;ibi>)mVo 8ﬁ}`8lZ09;<mNZ09 ;i`6 [9ef=w:mNZfuv_e08lZ?`qefZf;i`7uv_mNefx09^VZ0{ ﬁ}`
wlba^N998:9 
1/
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 8l`
K/Q
= 87^g0Zf;i`8 q^Vb<mN;<928ﬁG`8lZ09;<mNZ ;i`6 q^Vb<mN;<9*uv_mNefx
G
  8l`
E
=8^VZk8lbibi;ixf`;<wwlef_8{f8Eg0Z08:{
m 8l_
Q
2c0mN_^VZ?>)gO8lb<{]8ﬁ}`8lZ09;<mNZ
L
mVo
Q
| /8Kb<8l`
EL := E ×Spec(Q) Spec(L)
 ef_;iZT`8l_8:9`;<9;iZ
`608jkmN`; 8
M = h1(EK)(1)
 mN`8n`6O^V``608 K^Vb<mN;<9/uv_mNefx
G
^Nwl`97mNZ
M
^VZ0{ 608lZ0w:8
A := Q[G]
^Nwl`9mNZ]`608K_8 ^Vbi; ^V`;<mNZ09mVo
M



9 Z0mN`8:{ ;iZ
y
6O^Vxf`8l_
~
|#`608 jkmN`; G;<w
L
soQefZ0wl`;<mNZ$^N9I9mTwl;a^V`8:{ `m
M
;<9k^ `efxfb<8mVo` ;<9`8:{

^N998&!8l;ib
L
soQefZ0wl`;<mNZ09ﬃ25dmK=8xf_8:wl;<98v|?osmN_^qtn;i_;<w6fb<8l`wI6O^V_I^Nwl`8l_
χ
b<8l`
L(E⊗χ, s) {f8lZ0mN`8`608
` ;<9`8:{

^N9I98&!8l;ib
L
soRefZ0wl`;<mNZﬀ#57608lZ 8q6O^8
L(M, s) = (L(E ⊗ χ, s+ 1))χ∈Ĝ .
!8K96O^Vbib {f8lZ0mN`8K=?>
L∗(1)
`608b<8 ^N{};iZfu)w:mG8	 wl;<8lZ?`
L∗(M, 0) = (L∗(E ⊗ χ, 1))χ∈Ĝ .
ef_K^V;ij ;<9n`m)_8lba^V`8`6f;<9
L
 v^Vbie08`m `608z^V_;i`6fjk8l`;<w v^Vbie08:9K^V_;<9;iZfu oR_mNj ^ w:mNjzxfb<8ﬁ^N9n;iZ
`608w:mNZ   8:wl`ef_8#B53mzw:mNjzxfef`8`608q^V_;i`6fjk8l`;<wK9;<{f8v| /8j ^ 8w:8l_`I^V;iZ ^N99efjzxf`;<mNZ09`6O^V`9;ijzxfbi;hoQ>
`608Kw ^Vb<wlefba^V`;<mNZ09ﬃ
ﬀ,+  ,ﬁ'
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X(K)
# 	  	 3
ﬀ,+  ,ﬁ'
?


E(K)
 	 -	23
1%1
nmN`87`6O^V`
K/Q
;<9 `I^Vjk8lbi>_I^Vjz;hgO8:{z;ho^VZ0{zmNZfbi>;ho`6087_;iZfu OK ;<92^nb<mGw ^Vbibi>KoR_8:8 Z[G]  jkmT{}efb<8
mVo0_I^VZ 
.

wEoﬂ 
.%.


dY[Z4`608/8ﬁf^Vjzxfb<8 /8w:mNZ09;<{f8l_ |vmNZ08#6O^N9
Cl(Z[G]) = 1
^VZ0{4`608l_8EoRmN_8/;i` osmNbib<m 9
`6O^V` OK ;<9;<9ImNjkmN_xf6f;<w `m Z[G] ^N9q^ Z[G]  jkmT{}efb<8#4Y Z `608oRmNbib<m ;iZfu0| /8z^N99efjk8;iZ^N{f{};i`;<mNZ
`m `608g0_9`n^N99efjzxf`;<mNZ]`6O^V``608l_848ﬁG;<9`9
α0 ∈ OK 9e0w6]`6O^V` OK ' Z[G]α0 
    
ﬀ ( ﬃ   1  
  	  	     ﬂ  " ﬂ  ﬂ !"  
57608nx 8l_;<mG{)j ^Vx
αM
;<97^VZﬂ;<9mNjkmN_xf6f;<9j(= 8l` /8:8lZ`608 78l``; ^VZ0{ﬂ{f8:p6O^Vj&_8 ^Vbi; ^V`;<mNZ09 #57608l_8
osmN_8 ` /m mVo/`608 `8l_jk9q;iZ `608z{f8Eg0Zf;i`;<mNZ mVo
Ξ(M)
^V_8z`_; G;a^Vb&cfef_`608l_ |dmNZ08 6O^N9
H1(Q,M) '
E(K)⊗Q |}^VZ0{ H1f (Q,M∗(1))∗ ' E(K)∗⊗Q
| 6f;<wI6^V_8=mN`6)`_; G;a^Vb=T>k`608n98:w:mNZ0{ ^N9I9efjzx 
`;<mNZ ^V=m 8##57608l_8EosmN_8 8K6O^8
Ξ(M) = v∈S∞ [Hv(M)
Gv ]  [HdR/F
0].

1 
. 
 8l` E =8 ^  l_mNZ jkmG{f8lb#osmN_ E m 8l_ Z   8l` ω = 8 ^u8lZ08l_I^V`mN_mVo H0(E ,Ω1E )
)57608lZ `608
;ij ^Vu8KmVo*`608qj ^Vx
H1(E(C),Z) → C
γ 7→
∫
γ
ω
;<9B^
Z
 ba^V``;<w:8;iZ
C
 !87b<8l`
Ω′
`m= 87`608b<8 ^N9`2x mv9;i`; 8_8 ^Vb0Z?efj= 8l_#;iZ `6f;<92;ij ^Vu8^VZ0{ 8{f8Eg0Z08
Ω = rΩ′
608l_8
r
;<9n`608Z?efj= 8l_KmVoBw:mNZfZ08:wl`8:{ w:mNjzxmNZ08lZ?`9q;iZ
E(R)
q576f;<9n;<9n`6084_8 ^Vb*x8l_;<mT{
^N99mGwl;a^V`8:{ﬂ`m
E

wEoﬂ 0/1ﬂ


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Ξ(M)

R[G]
&ﬂ  	     
- 
  / #
ϑ∞
 
  
Ω−1
∑
g∈G
g(α0)g
−1
 .
   
 
  3p8:w ^Vbib0`6O^V`#`608;<9mNjkmN_xf6f;<9j
ϑ∞ : R[G] ' Ξ(M)⊗QR ;<9#w:mNZ09`_e0wl`8:{ke09;iZfuK`608x 8l_;<mG{
j ^Vx
αM
n57608l_8EoRmN_8v| /896O^Vbibdg0_9` _;i`8{fm Z `608	78l``;*^VZ0{{f8:p6O^Vj _8 ^Vbi; ^V`;<mNZ09 | ^VZ0{ `608
w:mN__8:9xmNZ0{};iZfu x8l_;<mT{ﬂj ^Vx = 8l` /8:8lZ `608lj 
 8l`
HB = ⊕σ∈Hom(K,C)H1(σEK(C), 2piiQ)
 !8 96O^Vbib;<{f8lZ?`;hoR>$8 ^Nw6 9efjzj ^VZ0{$mNZ `608
1=
_;iuv6?`6O^VZ0{]9;<{f8 ;i`6]`608q{}eO^Vb360mNjkmNb<mNuv> T;a^`608;<9mNjkmN_xf6f;<9j
H1(σEK(C), 2piiZ) ' Hom(H1(σEK(C),Z), 2piiZ).
57608l_8EosmN_8v| /846O^8
HB ' Hom (⊕σH1(σEK(C),Z), (2pii)Z) .
!8796O^Vbib}{f8lZ0mN`8/=T>
H+B
| `608/g ﬁf8:{9ef=fjkmT{}efb<87mVo
HB
efZ0{f8l_*`6087^Nwl`;<mNZ mVo w:mNjzxfb<8ﬁw:mNZ   efu?^V`;<mNZﬀ
nmN`8`6O^V`
H+B
;<9`608qg0_9``8l_j ;iZ

1 
. 

 8l`
γ1
^VZ0{
γ2
=8
Z
 u8lZ08l_I^V`mN_9*mVo
H1(EK(C),Z)
9e0wI64`6O^V`
γ1
;<9 _8 ^Vb |V`6O^V`3;<9 g ﬁ}8:{qefZ0{f8l_d`608
^Nwl`;<mNZ mVo/`608w:mNjzxfb<8ﬁw:mNZ   efu?^V`;<mNZﬀK57608lZ |
σγ1
^VZ0{
σγ2
^V_8u8lZ08l_I^V`mN_9osmN_
H1(σEK(C),Z)

<
;iZ0w:8
K
;<9`mN`I^Vbibi>ﬂ_8 ^Vb |f;i`7osmNbib<m 9`6O^V`
σγ1
;<97_8 ^Vb& nm  {f8Eg0Z08
γ˜1 : ⊕σH1(σEK(C),Z)→ (2pii)Z
=?>98l``;iZfu
γ˜1(σγj) =
 2pii
;ho
σ

;<{ |
j = 1
0
mN`608l_;<98#
nmN`8 `6O^V`48	8l_> 8lj= 8:{f{};iZfu mVo
K
;iZ
C
w:mN__8:9xmNZ0{f9q`m ^ _8 ^Vb2;iZ}g0Zf;i`8 xfba^Nw:8#z57608l_8EoRmN_8v|3`608
^Nwl`;<mNZmVoB`608zw:mNjzxfb<8ﬁw:mNZ   efu?^V`;<mNZmNZ `608:98 8lj= 8:{f{};iZfu9q;<9n`_; G;a^Vb&4576Te09 | ;i`noRmNbib<m 9`6O^V`
γ˜1
u8lZ08l_I^V`8:9
H+B
^N9^
Q[G]
 jkmG{}efb<84^ oR`8l_;<{f8lZ?`;hoR>T;iZfu T;a^ `608K^V=m 8K;<9mNjkmN_xf6f;<9j 
nm K| 8Kw:mNZ09;<{f8l_`6084{f8:p6O^Vj _8 ^Vbi; ^V`;<mNZﬀ mN`8`6O^V`=T>
<
8l__8K{}eO^Vbi;i` >mNZ08q6O^N9
HdR/F
0 = H1(EK ,OEK ) ' H0(EK ,Ω1EK )∗
608l_8
Ω1EK
;<97`60849608 ^ o*mVo2{}; $ 8l_8lZ?`;a^Vb<9 | ^VZ0{ ∗ {f8lZ0mN`8:9`608K{}eO^Vb&
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  
EOK ' E ×Spec(Z) Spec(OK).
   
 
  3 mN`8`6O^V``608xf_;ijk8:9mVoB=O^N{ _8:{}e0wl`;<mNZmVo
E
^VZ0{ `6084xf_;ijk8:9`6O^V`n_I^Vjz;hoR>;iZ
K/Q
{fm
Z0mN`;iZ?`8l_98:wl`ﬃ57608l_8EosmN_8v| E ×Spec(Z) Spec(OK)
;<9 ^VZ ^V=8lbi;a^VZ 9Iw608ljk8ﬂm 8l_
Spec(OK)  57608
 8ljzj ^kZ0m  osmNbib<m 9oQ_mNj
y
mN_mNbiba^V_>
.
 1k;iZ 
~
 
1
cf_mNj `6084^V= m 8  8ljzj ^ /8q6O^ 8
H0(EK ,Ω
1
EK
) ' H0(EOK ,Ω1EOK )⊗OK K '
(
H0(E ,Ω1E )⊗Z OK
)⊗OK K.
 8l`
ω0
=8/^u8lZ08l_I^V`mN_doRmN_
H0(E ,Ω1E )
 57608lZ |
((ω0⊗α0)⊗1)∗ ;<9 ^ Q[G]  u8lZ08l_I^V`mN_ oRmN_ HdR/Fil0 
!8K96O^Vbib wI60mTmv9I8
ω0
9e0wI6]`6O^V``608qx8l_;<mT{
∫
γ1
ω0
;<9xf_8:wl;<9I8lbi>
Ω



oQ`8l_;<{f8lZT`;hoQ>G;iZfu `608 78l``;d^VZ0{ {f8:p6O^Vj _8 ^Vbi; ^V`;<mNZ09n^N9^V= m 8v|0`608x8l_;<mT{]j ^Vx
αM : H
+
B,R → HdR,R/Fil0
;<9uv; 8lZ]=T>
αM (γ ⊗ α) : ω 7→
(∫
γ
ω
)−1∑
g∈G
g(α0)g
−1
 .
<
;iZ0w:8
Q[G]
;<998ljz;<9;ijzxfb<8 `608 {f8l`8l_jz;iZO^VZ?`oRefZ0wl`mN_;<9uv; 8lZ =?>`608)j ^Vx
Det
{f8Eg0Z08:{ ;iZ
y
6O^Vxf`8l_
.
257608
Q[G]
 u8lZ08l_I^V`mN_9
γ˜1
^VZ0{
((ω0⊗α0)⊗ 1)∗ osmN_ H+B
^VZ0{
HdR/Fil
0 _8:9x8:wl`; 8lbi>|
^Vbib<m 9ke09`m ;<{f8lZT`;hoQ>
Ξ(M)
;iZ09;<{f8
Ξ(M)R ' R[G]  53m=8 xf_8:wl;<98v|B`608 ;ij ^Vu8 mVo (γ˜1)−1 ⊗
((ω0 ⊗ α0) ⊗ 1) · Q[G] = Ξ(M) ;iZ R[G] ' Ξ(M)R ;<9 Ω−1
(∑
g∈G g(α0)g
−1
)
· Q[G]  576f;<9
w:mNjzxfb<8l`8:9`608Kxf_mTmVo2mVo `6084\2_mNx mv9;i`;<mNZﬀ
  	  	     " ﬂ   ﬂ "  
ϑl
 8l`
Tl(E) := lim←−nE(Q¯)/l
n ^VZ0{qb<8l` Vl(E) := Tl(E)⊗Zl Ql
 57608lZ
Vl(E)
;<93`608
l
[^N{};<w#_8 ^Vbi; ^V`;<mNZ
mVo
M = h1(EK)(1)
/cfef_`608l_ |
Tl(E)
;<9^ K^Vb<mN;<99`I^V=fb<8
Zl[G]
 ba^V``;<w:849;i``;iZfuz;iZ09;<{f8
Vl(E)
#57608
^Vbiu8l=f_I^V;<w9;<{f8mVo
y
mNZ   8:wl`ef_8
~

1

;iZ mNb 8:9
RΓc(OK [ 1S ], Tl(E))
|q^ x8l_ oR8:wl`
Zl[G]
 w:mNjzxfb<8ﬁ|
6f;<w6 efx mNZ`8lZ09ImN_;iZfu ;i`6
Ql
;<9r?eO^N9;  ;<9ImNjkmN_xf6f;<wK`m
RΓc(OK [ 1S ], Vl(E))

5dmkw:mNjzxfef`8
[RΓc(OK [ 1S ], Tl(E))]
8Kw:mNZ09;<{f8l_`608K{};<9`;iZfuvef;<9608:{`_;a^VZfuvb<8
RΓc(OK [ 1
S
], Tl(E))→ RΓf (K,Tl(E))→ ⊕v∈SRΓf (Kv, Tl(E)),
608l_8
RΓf
;<97`608 ﬀ    w:mNjzxmNZ08lZ?`

wEoﬂ  ﬀ

mVod`608ne09eO^Vb w:mNjzxfb<8ﬁ
RΓ
mVo w:mGw6O^V;iZ09 #c0mNbib<m ;iZfu
1E
`608K{f8Eg0Zf;i`;<mNZ09oQ_mNj 
E
d^VZ0{  ﬀ | /8q6O^ 8q`6O^V`osmN_
v - l∞, RΓf (Kv , Tl) ;<9r?eO^N9;  ;<9ImNjkmN_xf6f;<wq`m
Tl(E)
Iv 1−Frv−→ Tl(E)Iv
608l_8`608jkmT{}efb<8:97^V_8xfba^Nw:8:{);iZ){f8luv_8:8

^VZ0{
.
 c0ef_`608l_ |?osmN_
v|∞ |`608w:mNjzxfb<8ﬁ RΓf (Kv, Tl)
;<9{f8Eg0Z08:{`mk= 8`608Kw:mNjzxfb<8ﬁ
RΓ(Kv, Tl)
#c ;iZO^Vbibi>|}osmN_
v|l | /8qZ0mN`8K`6O^V`
H1f (Kv, Vl(E)) ' (lim←−
n
E(Kv)/l
n)⊗Zl Ql ' tE ⊗Q Ql
608l_8
tE
;<9B`608n`I^VZfu8lZT`79xO^Nw:8nmVo
EK
^VZ0{ `608ba^V``8l_7;<9mNjkmN_xf6f;<9j&;<9/uv; 8lZﬂ=?>k`608n8ﬁ}x mNZ08lZT`;a^Vb
j ^Vxﬀ57608
Zl[G]
 9ef=fjkmG{}efb<8
lim←−nE(Kv)/l
n w ^VZ 6O^ 8 `mN_9;<mNZ xmN;iZ?`9 |3^VZ0{`608l_8EosmN_8 ;<9Z0mN`4^
umGmT{wI60mN;<w:8kosmN_
H1f (Kv, Tl(E))
 38l` EOK
=8 ^  l_mNZ jkmG{f8lb2osmN_
EK
ﬂ57608lZ `608l_8 ;<9^ﬂoR_8:8
.
 {};ijk8lZ09;<mNZO^Vb
Z[G]
 ba^V``;<w:8
H0(EOK ,Ω1EOK )
9;i``;iZfuk;iZ09;<{f8
tE ' H0(EK ,Ω1EK )
!8K9I8l`
H1f (Kv, Tl(E)) = H
0(EOK ,Ω1EOK )⊗Z Zl.
576f;<9uv; 8:9n^xf_m   8:wl`; 8
Zl[G]
 ba^V``;<w:89;i``;iZfuz;iZ09;<{f8l_
H1f (Kv, Vl(E))
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 	   RΓf (Kv , Tl(E)) $  ﬁ  
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 /    
 H1(σE(C),Z) ⊗ Zl  
ﬂ  .
     "  
Kv ' C ﬂ +  	ﬁ # 
 
 /    
 H1(σE(C),Z)+ ⊗ Zl   ﬂ  .
     "  
Kv ' R 3      σ #        ﬂ ﬂ '
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
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v - l∞ #H1f (Kv, Tl(E))
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H1f (Kv , Tl(E)) ' H0(EOK ,Ω1EOK )⊗Z Zl
⊂ H0(EK ,Ω1EK )⊗Q Ql ' H1f (Kv, Vl)

    	!)  
 		
v ∈ S   	      	 '  

RΓf (Kv , Tl(E))→ RΓf (Kv , Vl(E)),
"
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57608g0Zf;i`84w:mN60mNjkmNb<mNuv>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
X(EK)
      ﬂ  
l 6= 2, 3 3    ,)
Hif (K,Tl(E)) '

0
 
i = 0
E(K)⊗Z Zl   i = 1
HomZ(E(K)l∞ ,Ql/Zl)
 
i = 3
ﬂ
0→X′l∞ → H2f (K,Tl(E))→ HomZ(E(K),Zl)→ 0
  
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X
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
-    ﬂ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lim←−nE(Kv)/l
n 3
<
8:8 
E
3mN_ 
~v~
 oRmN_xf_mGmVos9mVo `608K^V=m 8  8ljzj ^N9ﬃ
	
#$"*

.
576084r?eO^N9;  ;<9ImNjkmN_xf6f;<9j
⊕v∈S∞RΓf (Kv, Tl(E))⊗Ql → ⊕v∈S∞RΓf (Kv, Vl(E))
;iZ0{}e0w:8:9n^N9;<9mNjkmN_xf6f;<9j
⊕σ:K→CH1(σE(C),Z)+ ⊗Ql ' DetQl[G]⊕v∈S∞RΓf (Kv , Vl(E)),
6f;<wI6;<9xf_8:wl;<98lbi> `608zw:mNjzxO^V_;<9mNZ ;<9mNjkmN_xf6f;<9j =8l` 8:8lZ`608 l`I^Vb<8k^VZ0{9;iZfuvefba^V_Kw:mN60m 
jkmNb<mNuv;<8:9 
~
Y o
E(K)
^VZ0{
X(E/K)l∞
^V_8 `_; T;a^Vb*`608lZ
RΓf (K,Tl)
;<9r?eO^N9;  ;<9mNjkmN_xf6f;<wz`m `608	 8l_m
w:mNjzxfb<8ﬁ ^VZ0{608lZ0w:8
[RΓc(OK [ 1
S
], Tl(E))] = [X
′
l∞ ]  [⊕v∈SRΓf (Kv , Tl(E))].
nmN`8q`6O^V``608qw:mNZT`_;i=fef`;<mNZ mVo
[X′l∞ ]
;<9   e09``608q`mN_9;<mNZ mVo
lim←−nE(Kv)/l
n 
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[RΓc(OK [ 1S ], Tl(E))]

[RΓc(OK [ 1S ], Vl(E))]
#   
Zl[G]
ﬁ 	    
    	   ﬂ
(ω0 ⊗ α0) 3
1
     
  21dI/   -  ') I T" f 
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 8l` H = {z ∈ C|Im(z) > 0} {f8lZ0mN`8`608efxfx 8l_6O^Vbho xfba^VZ08K^VZ0{ﬂb<8l` H∗ = H∪Q∪ {∞} {f8lZ0mN`8
`6088ﬁG`8lZ0{f8:{efxfx8l_ 6O^Vbhoxfba^VZ08# 57608/uv_mNefx
SL2(Z)
^Nwl`9 {};<9Iwl_8l`8lbi>^VZ0{{};<9w:mNZ?`;iZTe0mNe09bi>zmNZ H∗ 
c0mN_4^VZT> w:mNZfuv_e08lZ0w:8k9ef=fuv_mNefx
Γ
mVo
SL2(Z)
b<8l`
XΓ
= 8`608jkmG{}efba^V_K9ef_ os^Nw:8
Γ\H∗ Kc0ef_`608l_ |
b<8l`
S2(Γ)
=8`608K9xO^Nw:8KmVo#^Vbib wle09xosmN_jk9mVo /8l;iuv6T`
~
osmN_
Γ
257608l_8q;<9^=f;ibi;iZ08 ^V_xO^V;i_;iZfu
S2(Γ)×H1(XΓ,C) → C
(f, γ) → 2pii
∫
γ
f(z)dz
`6O^V`;iZ0{}e0w:8:9n^VZ;<9mNjkmN_xf6f;<9j
S2(Γ) ' H1(XΓ,C)+∧ mVo2w:mNjzxfb<8ﬁ 8:wl`mN_9xO^Nw:8:9ﬃ
c0mN_wle09x09
α, β ∈ Q∪ {∞} w:mNZ09;<{f8l_^ 9jkmGmN`6ﬂxO^V`6];iZ H∗ oR_mNj α `m β 2c0mN_n^w:mNZfuv_e08lZ0w:8
9ef=fuv_mNefx
Γ
mVo
SL2(Z)
b<8l` {α, β}Γ {f8lZ0mN`8`608K;ij ^Vu8mVo#`608KxO^V`6 ;iZ XΓ  nmN`84`6O^V`;ho α ^VZ0{
β
^V_8
Γ
 8:r?ef; v^Vb<8lZ?` |B`608lZ {α, β}Γ ;<9k^ wlb<mv98:{ xO^V`6 ;iZ XΓ ^VZ0{ 608lZ0w:8ﬂ{f8Eg0Z08:9k^VZ 8lb<8ljk8lZ?`kmVo
H1(XΓ,Z)
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∑
n≥1 ane
2piinz ;<9`608 q
 8ﬁ}xO^VZ09;<mNZ]mVo
f
`608lZ
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∑
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L(f ⊗ χ, 1) = −2pii ∫∞0 (f ⊗ χ)(z)dz = −〈{0,∞}, f ⊗ χ〉 | 8Ku8l`
L(f ⊗ χ, 1) = −〈{0,∞}, f ⊗ χ〉
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g(χ)
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l∑
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χ¯(a) 〈{0, a/l}, f〉 .
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608l_8
L̂(E ⊗ τ, s) = Asγ(s)L(E ⊗ τ, s)
=1
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∫ ∞
0
φ(t)ts
dt
t
.
 8l`
Gs(t) = t
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x
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∞∑
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8)_mNefuv6fbi>Z08:8:{ `m 9efj
√
N(E ⊗ τ)
`8l_jk9;iZ `608498l_;<8:9`m)mN=f`I^V;iZ ^VZ ^Vxfxf_mﬃﬁG;ij ^V`;<mNZﬀ nmN`8q`6O^V`;ho*`608K=O^N{]xf_;ijk8:9mVo
E
^VZ0{
τ
{fm
Z0mN`;iZ?`8l_9I8:wl` |f`608lZ`608qw:mNZ0{}e0wl`mN_mVo
E ⊗ τ ;<9 N(E, τ) = N(E)dN(τ)2 257608l_8EosmN_8v|fmN=f`I^V;iZf;iZfu
Z?efjk8l_;<w ^Vb^Vxfxf_mﬃﬁG;ij ^V`;<mNZ09k`m `608 N^Vbie08
L(E ⊗ τ, 1) ;<9w:mNjzxfef`I^V`;<mNZO^Vbibi> ;iZ}os8 ^N9;i=fb<8 oRmN_ba^V_u8
gO8lb<{]8ﬁ}`8lZ09;<mNZ09ﬃ
Y[Z 
.
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Gs(t)
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;ijzxfb<8ljk8lZ?`8:{ ;iZ 
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p(x) = x3 − 4x+ 1 |0^VZ0{ﬂb<8l` K =8n`608n9xfbi;i``;iZfu gO8lb<{mVo p(x) m 8l_ Q  57608q{};<9Iwl_;ijz;iZO^VZ?`mVo
p(x)
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}|0^VZ0{ 608lZ0w:8
K
;<9^`mN`I^Vbibi> _8 ^Vb
S3
 8ﬁG`8lZ09;<mNZﬀ257608efZf;<rTe08qrTeO^N{}_I^V`;<wq9ef=}gO8lb<{mVo
K
;<9
Q[
√
229]
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 8l`
r
^VZ0{
s
= 8 8lb<8ljk8lZ?`9ﬂmVo
G := S3
mVoKmN_{f8l_
~
^VZ0{ /_8:9x8:wl`; 8lbi>  57608l_8 ^V_8 `6f_8:8
;i__8:{}e0wl;i=fb<8 wI6O^V_I^Nwl`8l_9mVo
G
| ` /m mVo 6f;<w6 ^V_8 ^V= 8lbi;a^VZ ^VZ0{`608z`6f;i_{ 6O^N9K{};ijk8lZ09;<mNZ
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z57608
w6O^V_I^Nwl`8l_`I^V=fb<8q;<9960m Z]=8lb<m  
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r s
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χ
. −1 .
ψ
~  −1
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8l_8
χ
;<9`608Z0mNZT`_; T;a^Vb ^V= 8lbi;a^VZ wI6O^V_I^Nwl`8l_ ^VZ0{
ψ
;<9ﬂ`608w6O^V_I^Nwl`8l_ mVo`608;i__8:{}e0wl=f;ib<8
Z0mNZO^V=8lbi;a^VZ _8lxf_8:98lZT`I^V`;<mNZ
ρ
mVo
G
uv; 8lZ]=T>
r 7→
 0 −1
−1 0
 , s 7→
 −1 1
−1 0

Y[Z o ^Nwl` |
ψ
;<9/;iZ0{}e0w:8:{ =T> `608n`_; T;a^Vb wI6O^V_I^Nwl`8l_mNZ
C3 = {1, s, s2} ⊂ S3 |T`6O^V`7;<9 | ψ = IndS3C31C3
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m osmN_^VZ?> Z08	 osmN_j
f ∈ S2(Γ0(N)) mNZ08q6O^N9
L(f ⊗ ψ, s) = L(f̂ , s)
608l_8
f̂
;<9`608=O^N984w6O^VZfu8KmVo
f
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√
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E
=8`608K8lbibi;ixf`;<wKwlef_8K{f8Eg0Z08:{ =?>
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^VZ0{ =%/q9xfbi;i`#w:mNjzxfb<8l`8lbi>z;iZ
K
 Y `2;<9B8 ^N9>`m
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E(F37) = 35
^VZ0{
E(F53) = 64
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L(E ⊗ τ, s) {fm Z0mN` v^VZf;<96 ^V` s = 1
osmN_n^VZ?>
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o ^Nwl` | /84w ^VZ G;<8	 `6f;<9^N9^VZ 8lb<8ljk8lZ?`mVo
ζ(R[G])×  
L∗(M, 0) =
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L(E, 1) = ΩE , L(E ⊗ χ, 1) = −ΩE/
√
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608l_8
ΩE
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E
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Lp(E ⊗ ψ, T ) =

1 + T + T 2
;ho
p = 307
1− apT + pT 2 ;ho p = 229
(1− aT + pT 2)2 ;ho p 6= 307, 229 ^VZ0{ f(p) = 1
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;ho
p 6= 307, 229 ^VZ0{ f(p) = 2
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p − p)T 2 + appT 3 + p2T 4
;ho
p 6= 307, 229 ^VZ0{ f(p) = 3
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η∈Ĝ
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η
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w6O^V_I^Nwl`8l_ﬃ  8l`
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g∈G η(g)g
−1 |}`608K;<{f8ljzx mN`8lZT`n^N99mGwl;a^V`8:{ﬂ`m η
257608lZ
eηC[G] 'Mn(C)
osmN_9mNjk8
n ≥ 1   8l`
e =

1 0 . . . 0
0 1 . . . 0
.. .. . . . ..
.. .. . . . ..
0 0 . . . 1
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eηθ(1) = θ(eη) ∈ eηC[G] '
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ρ(θ(1)) = eηθ(1) = (αij)
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det(αij) = det(ρ(θ(1)))
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η∈Ĝ
det(ρη(Ω
−1
E
∑
g∈G
g(α0)g
−1))eη .
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e1RΩ = Ω
−1
E · trK/Q(α0) = Ω−1E = L(E, 1)−1
eχRΩ = Ω
−1
E · trK/Q[√229](α0 − g1(α0)) = Ω−1E ·
√
229 = −L(E ⊗ χ, 1)−1
eψRΩ ∼ Ω
−2
E · (
√
229) ∼ (0.7047640380)2(15.131274594) = 7.516319136
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g1 7→

1 0 0
0 −1 0
0 0 −1
 , g2 7→

−1 0 0
0 1 0
0 0 −1
 , h 7→

0 1 0
0 0 1
1 0 0
 .
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
2(ae + ag1)− 1 2(ah + ahg2) 2(ah2 + ah2g3)
2(ah2 + ah2g1) 2(ae + ag2)− 1 2(ah + ahg3)
2(ah + ahg1) 2(ah2 + ah2g2) 2(ae + ag3)− 1
 .
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